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Latent Parameter Estimation in Fusion Networks
Using Separable Likelihoods
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Abstract—Multi-sensor state space models underpin fusion
applications in networks of sensors. Estimation of latent parameters in these models has the potential to provide highly
desirable capabilities such as network self-calibration. Conventional solutions to the problem pose difficulties in scaling with the
number of sensors due to the joint multi-sensor filtering involved
in the evaluation of the parameter likelihood. We propose
an approximation with a node-wise separable structure which
can be evaluated by local filtering operations, instead. When
leveraged with Markov random field models and message passing
algorithms for inference, these likelihoods facilitate scalable
estimation across the network and fit in both centralised and
decentralised processing paradigms. We relate the approximation
quality of the proposed separable likelihoods to the accuracy
of state estimation using joint and local filtering schemes. We
demonstrate this approach for network self-localisation using
measurements from non-cooperative targets in an example.
Index Terms—sensor networks, hidden Markov models,
Markov random fields, pseudo-likelihood, simultaneous localisation and tracking, Monte Carlo algorithms, dynamical Markov
random fields

I. I NTRODUCTION
wide range of sensing applications including wide
are surveillance are underpinned by state space models which are capable of representing a variety of dynamic
phenomena such as spatio-temporal (see, e.g., [1]) and population [2] processes. In fusion (or, object tracking) networks,
multi-sensor versions of stochastic state space models, also
known as hidden Markov models [3], are used to estimate
object trajectories in a surveillance region.
These models, however, are often specified by some latent
parameters [4] some of which are unknown in practice and
need to be estimated based on measurements from the state
processes (or, objects). Examples of this problem setting in
fusion networks include estimation of noise parameters [5],
sensor biases [6] and localisation/calibration of sensors in
a GPS denying environment using point detections of noncooperative targets [7], [8]. Another example is the estimation
of the orientations and positions of nodes in a camera network
based on feature detections [9].
The parameter likelihood of the problem pose difficulties
in the multi-sensor setting as its evaluation requires all sensor
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measurements across the network to be processed jointly in
Bayesian filtering recursions. The poor scalability of likelihood
evaluation arises as an issue in both maximum likelihood (ML)
algorithms (e.g., [10]) and Bayesian estimation recursions
(e.g., [11]). These difficulties are exacerbated when there are
multiple objects with measurement association uncertainties:
For the case, set valued state variables and multi-object
distributions can be used, or, alternatively, these association
variables can be treated as model parameters to be estimated
jointly with the state trajectories. Evaluation of the parameter
likelihood using multi-sensor filtering under either of modelling approaches is a problem with combinatorial complexity (see, e.g., [12] and [13]) motivating the development of
strategies for efficient approximations.
An example of such strategies in the context of estimating
parametric distributions from samples is the use of surrogate
local functions in problems with likelihoods over high dimensional domains [14]–[16]. In the context of latent parameter estimation using samples from multiple measurement processes
that are conditioned on underlying state space evolutions,
we previously proposed separable likelihood functions which
facilitate estimation using local filtering operations [17], [18].
These likelihoods consider two sensors and factorise into a
pair of local terms leading to a dual-term likelihood approximation. When combined with pairwise Markov random fields
(MRFs) –an undirected graph structure describing Markov
(or, conditional independence) relations among the variables–
and message passing algorithms for inference on them [19],
efficient network wide estimation schemes are obtained. Such
models and algorithms have been widely used for distributed
estimation of various types of parameters in sensor networks
(see, e.g., [20]–[22] and the references therein).
The main contribution of this work is an alternative separable likelihood for latent parameter estimation in multi-sensor
state space models. This approximation similarly considers a
pair of sensors and has a quadrature product structure each
factor of which can be evaluated in terms of local filtering
operations. As an indication of the approximation quality,
we consider the Kullback-Leibler divergence (KLD) [23] of
the proposed likelihood with respect to the actual likelihood
obtained by joint filtering and relate it to the uncertainties in
predicting and estimating the underlying state using individual
and joint sensor histories. We show that with more accurate
local filters the approximation quality improves and the proposed quad-term separable likelihood has an improved error
bound compared to the aforementioned dual-term likelihood.
We equip pairwise MRFs with these likelihoods as edge
potentials and nodes associated with latent parameters local to
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sensors. The marginal distributions of this model approximates
posterior marginals of the latent parameters to be estimated.
We estimate these marginals iteratively using Belief Propagation (BP) [24] which consists of successive message passings
among neighbouring nodes and updating of local marginals
based on these messages. This computational structure lends
itself for decentralised estimation, as well as scalable computation in a centralised fashion.
The realisation of the resulting algorithm is based on the
nonparametric BP [25] approach and involves sampling from
the updated marginals followed by separable likelihood evaluations in the message passing stage. As BP iterations converge
to a fixed point, the empirical average of the samples from the
marginals constitute (an approximate) minimum mean squared
error (MMSE) estimate of the latent parameters. The edge
potential evaluations are done using the entire measurement
history within a selected time period in an offline fashion
which is a strategy similar to particle Markov chain Monte
Carlo (MC) algorithms [26]. As such, we differ from [18]
in which windowing of measurements are used together with
artificial parameter dynamics for enabling online processing.
Preliminary results of the proposed approach can be found
in [27]. This article provides a complete account of our
solution strategy and structured as follows: Section II provides
the problem statement. Then, we introduce the quad-term
node-wise separable likelihood approximation in Section III.
Section IV details how these likelihoods are combined with
pairwise MRFs to model the problem across the sensors and
give details of a MC based implementation particularly for the
estimation of sensor registration/calibration parameters. Then,
we extend this framework for the case involving additional
model parameters in Section V, which addresses, for example,
estimation in the presence of multiple objects with measurement association uncertainties. In Section VI, we demonstrate
the efficacy of our approach in network self-localisation using
measurements from multiple non-cooperative targets. Finally,
we conclude in Section VII.
II. P ROBLEM D EFINITION
For simplicity in exposition but without loss of generality,
we build the discussion upon a two sensors and a single
Markov process case. Let us consider observation processes
tZki utk“1 and tZkj utk“1 associated with sensors i and j, respectively, together with a Markov process tXk utk“1 specified by
an initial state distribution and a transition density, all spanning
time from k “ 1 to t. The state space model with parameters
θ is then specified as follows [28]: The state value xk is a
point in the state space X and is generated by the chain
Xk |pX1:k´1 “ x1:k´1 q „ πpxk |xk´1 ; θq,
X1 „ π1 px1 ; θq,

(1)

where .|. denotes conditioning. Measured values zki and zkj s
are points in Z i and Z j respectively, and, they are generated
independently in accordance with the likelihood models
i
i
Zki |pX1:k “ x1:k , Z1:k
“ z1:k
q „ gi pzki |xk ; θq
j
j
Zkj |pX1:k “ x1:k , Z1:k
“ z1:k
q „ gj pzki |xk ; θq

(2)

2

where subscript 1 : k indicates a vector concatenation over
time.
The parameter vector θ P B can be used to represent a
wide variety of parameters of the model some of which can
be intrinsic to either sensor i or j alone such as parameters
pertaining to their noise models. The rest can be classified
as respective parameters such as sensor locations and similar
“calibration” parameters. When θ is known, inference problem
in this model often involves estimation of the distribution
of Xk conditioned on the measurement histories, i.e., multisensor filtering. When θ is unknown, its likelihood measures
a goodness of fit to the measurements and is evaluated via
multi-sensor filtering [4, Sec.IV]:
t
´
¯ ź
¯
´
j
j
i
i
l z1:t
, z1:t
|θ “
p zki , zkj |z1:k´1
, z1:k´1
, θ , (3)
k“1

where
¯
´
j
i
, z1:k´1
,θ “
p zki , zkj |z1:k´1
ż ´
¯
j
i
gi pzki |xk , θqgj pzkj |xk , θq ppxk |z1:k´1
, z1:k´1
, θqdxk .

(4)

The equality in (3) follows from the chain rule of probabilities.
The term in (4) is the contribution at time step k which updates
the likelihood of the previous time step and is found using the
Markov property that the sensor measurements are independent of the measurement histories, conditioned on the current
j
state and θ. Let us denote this relation by Zkj K
KZ1:k´1
|Xk , θ
(see, e.g., [19]). The integrands in the expression for the
likelihood update term in (4) are the multi-sensor likelihood
and the prediction density for Xk based on the history of both
sensors i and j. In other words, (4) is the scale factor for the
posterior density of Bayesian recursions, or, the “centralised”
filter:
j
i
ppxk |z1:k
, z1:k
, θq “
´
¯
j
i
i
gi pzk |xk , θqgj pzkj |xk , θq ppxk |z1:k´1
, z1:k´1
, θq
´
¯
(5)
j
i
p zki , zkj |z1:k´1
, z1:k´1
,θ

j
i
ppxk |z1:k´1
, z1:k´1
, θq “
ż
j
i
πpxk |xk´1 , θqppxk´1 |z1:k´1
, z1:k´1
, θqdxk´1 (6)

We consider the mimimum mean squared error (MMSE)
estimate of θ which can be found as the expected value of the
posterior distribution
j
j
i
i
, z1:k´1
|θqp0 pθq,
ppθ|z1:k´1
, z1:k´1
q9lpz1:k´1
ż
j
i
θppθ|z1:k´1
, z1:k´1
qdθ
θ̂ “

(7)
(8)

B

This estimate can be computed by sampling from the
posterior distribution in (7) using, for example, Markov Chain
Monte Carlo methods [26] and using these samples to find the
Monte Carlo estimate of the integral in (8) –which amounts
to computing the empirical mean of these samples.
The main computational burden, however, is the joint
filtering involved when evaluating the parameter likelihood.
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This problem is exacerbated when multiple Markov processes (modelling multiple targets in fusion networks) and/or
multiple sensors are involved, which are later discussed in
Sections V and IV.
A similar issue arises for the maximum likelihood (ML)
paradigm, as well. Consider the case in which B is bounded
and let us select a uniform prior over B. Under this modelling
assumption –which is reasonably accurate for most practical
problem settings– the MMSE estimate of θ is equivalent to its
ML estimate given by
j
i
θ̂ML “ arg max lpz1:k´1
, z1:k´1
|θq.
θPB

The computational bottleneck for the solver of the optimisation problem above is the evaluation of the likelihood term,
the complexity of which is dominated by filtering.
Therefore, we consider the problem of estimating θ in a
way that scales with the number of targets and sensors. In
the following sections, we introduce a solution which features
scalability by building upon local filtering and message passing computational schemes.
III. Q UAD - TERM

NODE - WISE SEPARABLE LIKELIHOODS

In this section, we introduce an approximation for the
parameter likelihood which factorises into terms local to nodes
i and j, i.e., a node-wise separable approximation. Let us
consider the likelihood update term in (4). This term factorises
in alternative ways as follows:
j
i
ppzki , zkj |z1:k´1
, z1:k´1
, θq
j
j
i
i
“ ppzki |zkj , z1:k´1
, z1:k´1
, θqppzkj |z1:k´1
, z1:k´1
, θq

“

(9)

j
j
i
i
ppzkj |zki , z1:k´1
, z1:k´1
, θqppzki |z1:k´1
, z1:k´1
, θq

(10)
¯1{2
j
j
i
i
“ ppzki |zkj , z1:k´1
, z1:k´1
, θqppzkj |z1:k´1
, z1:k´1
, θq
´
¯1{2
j
j
i
i
ˆ ppzkj |zki , z1:k´1
, z1:k´1
, θqppzki |z1:k´1
, z1:k´1
, θq (11)
´

In the first and second lines above, the chain rule is used.
The third equality can be found by taking the geometric mean
of the first two expressions. The conditioning of the four
factors in Eq.(11) to the measurement histories of both sensors
prevents decentralisation. In order to avoid this, let us leave
out the history of sensor i (sensor j) in the first two (last two)
terms of (11), i.e.,
j
i
qpzki , zkj |z1:k´1
, z1:k´1
, θq
´
¯1{2
1
j
j
fi
ppzki |zkj , z1:k´1
, θqppzkj |z1:k´1
, θq
κk pθq
´
¯1{2
i
i
ˆ ppzkj |zki , z1:k´1
, θqppzki |z1:k´1
, θq

κk pθq “

ż ż ´

(12)

j
ppzki , zkj |z1:k´1
, θq

¯1{2
i
dzki dzkj
ˆppzki , zkj |z1:k´1
, θq

(13)

where κk pθq is the normalisation constant that guarantees
q to integrate to unity. Note that κk is a function of the
parameters θ.

3

The appeal of this quadruple term is that the factors depend
on single sensor histories. As such, they require filtering of
sensor histories of i and j individually and in turn allow us
to avoid centralisation. This point is discussed later in this
section.
Next, we consider the difference between the update term
(4) and the quad-term approximation introduced in (12).
Because these terms are probability densities over the sensor
measurements, their “divergence” can be quantified using the
KLD [23]. For this reason, we incorporate θ in the joint
probabilistic model that encompasses the HMM model as
a random variable Θ associated with the prior density –
equivalently, its marginal in the joint model– ppθq:
Proposition 3.1: The KLD between the centralised update
and the node-wise separable approximation in (12) is bounded
by the average of the mutual information (MI) [23] between
the current measurement pair and a single sensor’s history
conditioned on the history of the other sensor, i.e.,
j
j
i
i
Dpppzki , zkj |z1:k´1
, z1:k´1
, θq||qpzki , zkj |z1:k´1
, z1:k´1
, θqq
1
j
j
i
|Z1:k´1 , Θq
ď IpZki , Zk ; Z1:k´1
2
1
j
i
` IpZki , Zkj ; Z1:k´1
|Z1:k´1
, Θq. (14)
2
The proof can be found in Appendix A. The upper bound
given in Proposition 3.1 measures the departure of the current measurements and one of the sensor histories from
conditional independence when they are conditioned on
the history of the other sensor. Note that these variables,
when conditioned on Xk , are conditionally independent, i.e.,
j
pZki , Zkj qK
KZ1:k´1
|Xk , Θ holds and consequently
j
i
IpZki , Zkj ; Z1:k´1
|Xk , Θq “ IpZki , Zkj ; Z1:k´1
|Xk , Θq “ 0.

Similarly, the average MI term on the right hand
j
i
side of (14) is zero if pZki , Zkj qK
KZ1:k´1
|Z1:k´1
, Θ and
j
j
i
i
KZ1:k´1 |Z1:k´1 , Θ hold simultaneously. This conpZk , Zk qK
dition is satisfied, for example, in the case that either of
j
i
and Z1:k´1
are sufficient
the measurement histories Z1:k´1
statistics for Xk (i.e., it can be predicted by both sensors with
probability one). This level of accuracy should not be expected
as the transition density of state space models introduce some
uncertainty. Therefore, it is instructive to relate the KLD in
(14) further to the uncertainty on Xk given the sensor histories:
Corollary 3.2: The KLD considered in Proposition 3.1 is upper bounded by the weighted sum of uncertainty reductions in
the local target prediction and posterior distributions achieved
when the other sensor’s history is included jointly:
´
¯
j
j
i
i
D ppzki , zkj |z1:k´1
, z1:k´1
, θq||qpzki , zkj |z1:k´1
, z1:k´1
, θq
˜
¯
1 ´
j
j
i
ď
HpXk |Z1:k´1
, Θq ´ HpXk |Z1:k´1
, Z1:k´1
, Θq
2
¸
´
¯
j
i
i
` HpXk |Zk´1 , Θq ´ HpXk |Z1:k´1 , Z1:k´1 , Θq
1
`
2

˜

´

¯
j
j
i
HpXk |Z1:k
, Θq ´ HpXk |Z1:k
, Z1:k´1
, Θq
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`

´

i
HpXk |Z1:k
, Θq

´

¯

j
i
HpXk |Z1:k
, Z1:k´1
, Θq

¸

, (15)

where H denotes the Shannon entropy [23].
The proof is provided in Appendix B. Corollary 3.2 relates the
approximation quality of the quad-term node-wise separable
updates to the uncertainties in the target state prediction and
posterior distributions when individual node histories and their
combinations are considered. The first term in the RHS of (15)
is the sum of the uncertainty reductions in the predicted target
state by taking the other sensor’s history into account. The
second term involves, similarly, the reductions in the target
state estimation by the introduction of the other sensor’s
history. Therefore, a better quality of approximation should
be expected for the cases that the local filtering densities
involved concentrate around a single point in the state space.
Equivalently, the quality of approximation is better if sensor i
or j does not achieve a significant improvement in accuracy for
predicting and estimating Xk when the measurement history
of the other sensor is incorporated into local filtering.
It can be shown that the upper bound in (14) for the
quad-term approximation is smaller than the exact KLD of
the aforementioned dual term approximation [18]. In other
words, the quad-term approximation is closer to the centralised
update compared to the dual-term approximation, in terms
of its KLD. On the other hand, the scaling factor of the
dual term approximation is unity regardless of θ thereby
admitting a significant amount of flexibility in the range of
the distributions and likelihoods that can be accommodated
in the state space model, for example, random finite set
models [18]. Evaluation of the scaling factor in (13) might
not be straightforward for general problem settings.
A node-wise separable likelihood built upon the quad-term
update is obtained after substituting q as the update term in (3).
Let us consider (12) and define
j
k
, θq
pθq fi ppzki |zkj , z1:k´1
r̃ij
ż
j
j
ppzki |zkj , z1:k´1
, θq “ ppzki |xk , θqppxk |z1:k
, θqdxk

(16)

Let us also express the normalisation factor in (13) equivalently as
ż ż
` k
˘1{2 ` k
˘1{2 i j
r̃ij pθqs̃kj pθq
r̃ji pθqs̃ki pθq
dzk dzk
κij
pθq
“
k

(20)
Using these terms, the corresponding approximate separable
likelihood is given by
´
¯
j
i
l̃ z1:t
, z1:t
|θ

“

t
ź

k“1
t
ź

j
i
qpzki , zkj |z1:k´1
, z1:k´1
, θq

1

ij
k“1 κk pθq

likelihood as it can also be expressed as a (scaled) product
of four factors each of which are the products of the four
terms inside the product in (21) over k.
Let us consider the update terms (17) and (19) which are
based on the measurement history of sensor j. They are
computed using a Bayesian recursive filter’s posterior and
the prior distributions, respectively, which process only the
k
measurements of sensor j. Computation of r̃ji
and s̃ki similarly
requires only single sensor filtering of sensor i’s history.
As a result, the approximate likelihood can be evaluated
in a distributed fashion: Sensor node j performs local filtering with its measurements and obtain posterior distribuj
tions ppxk |z1:k
, θq for k “ 1, . . . , t that capture the local
information on the trajectory of the underlying state process
(or, “target track” in fusion networks). Simultaneously s̃kj
terms are computed using (18) and (19). Then, sensor j
k
transmits its posteriors to sensor i which, then, computes r̃ij
s
using (16) and (17), and, vice versa. Finally, all terms are
exchanged to find the normalisation factors in (20) and the
quad-term separable likelihood in (21).
Corollary 3.3: The KLD between the parameter likelihood
in (3) and the node-wise separable approximation in (21) is a
sum of the KLD terms considered Proposition 3.1, i.e.,
´ ´
¯ ´
¯¯
j
j
i
i
D l z1:t
, z1:t
|θ ||l̃ z1:t
, z1:t
|θ
“
t
ÿ

´
¯
j
j
i
i
D ppzki , zkj |z1:k´1
, z1:k´1
, θq||qpzki , zkj |z1:k´1
, z1:k´1
, θq

k“1

(22)

and bounded by the terms on the right hand sides of
(14) and (15) summed over k “ 1, . . . , t.
Proof. Eq. (22) can easily be found after expanding the
KLD term explicitly and expressing the logarithm of products
involved as sums over logarithms of the factors. Boundedness
follows from non-negativity of KLDs and summing both sides
of (14) and (15) over k “ 1, ..., t.


(17)

j
s̃kj pθq fi ppzkj |z1:k´1
, θq,
(18)
ż
j
j
ppzkj |z1:k´1
, θq “ ppzkj |xk , θqppxk |z1:k´1
, θqdxk .(19)

“

4

` k
˘1{2 ` k
˘1{2
r̃ij pθqs̃kj pθq
r̃ji pθqs̃ki pθq
.(21)

We refer to this likelihood as the quad-term separable

IV. PAIRWISE M ARKOV

RANDOM FIELD MODELS FOR
SCALABLE NETWORK WIDE ESTIMATION

The benefits of the quad-term node-wise separable likelihood introduced in the previous section can be extended to
the case of N ą 2 sensors by using the product of separable
likelihoods for pairs of sensors. The filtering cost is linear
with the number of sensors regardless of the number
` ˘ of quadterms to be evaluated. Selecting all possible N2 pairs from
V “ t1, . . . , N u to contribute in this model might undermine
the computational efficiency gained. We are interested in cases
in which the selected pairs pi, jq Ă V render a connected
planar graph thereby yielding the number of pairs less than
OpN 2 q. For example, the Gabriel graph, also known as the
relative neighbourhood graph, of the sensor nodes is such
a graph which is exploited in geographic routing for sensor
networks [29]. The minimum number of quad-terms one can
select is the number of edges in a spanning tree, i.e., N ´ 1.
A particularly interesting case is when θ is a concatenation
of unknown parameters local to nodes, i.e., θ “ rθ1 , ..., θN s.
Let us denote by E the set of pairs for which the quad-term
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Algorithm 1 Conceptual LBP iterations for estimating θ over
a MRF model equipped with quad-term separable likelihoods.
1: for all j P V do
2:

Ź Local filtering

for k “ 1, . . . , t do

3:

j
Find ppxk |z1:k
, θj q

4:

Find s̃kj pθj q in (18) and (19).

5:

end for

6: end for
7: for all pi, jq P E do
8:
9:

Ź Find edge potentials

for k “ 1, . . . , t do
k pθ , θ q
Find r̃ji
i j

11:

Find κij
k pθi , θj q in (20)

12:

end for

t pθ , θ q in (24) using (21)
14: Compute ψi,j
i j

15: for s “ 1, ..., S do
17:

Ź Find LBP messages

Find mji pθi q in (25)
end for

19:

for all i P V do

20:

Find p̃i pθi q in (26)

21:

θ̂i Ð Ep̃i tθi u

22:

Ź S-steps of LBP

for all pi, jq P E do

18:

Ź Update local marginals

end for

23: end for

likelihood will be incorporated and by V the set of sensor
nodes. Together with a priori distributions selected for Θi s,
the corresponding parameter posterior is a pairwise Markov
random field over G “ pV, Eq [19]:
ź
ź
t
1
N
ψij
pθi , θj q, (23)
ppθ|Z1:t
, ..., Z1:t
q9
ψi pθi q
iPV

i1 Pnepjqzi

ź

mji pθi q.

(26)

jPnepiq

13: end for

16:

mation of θ across the network: The pairwise MRF model in
(23) allows the computation of the marginal densities through
iterative local message passings such as Belief Propagation
(BP) [24]. In BP, the nodes maintain distributions over their
local variables and update them based on messages from their
neighbours which summarise the information neighbours have
gained on these variables. This is described for all i P V by
ż
ź
t
mji pθi q “ ψij
pθi , θj qψj pθj q
mi1 j pθj q dθj , (25)
p̃i pθi q 9 ψi pθi q

k pθ , θ q in (16) and (17)
Find r̃ij
i j

10:

5

pi,jqPE

ψi pθi q “ p0,i pθi q,
j
t
i
, z1:t
ψij pθi , θj q “ ˜
lpz1:t
|θi , θj q,

(24)

where the node potential functions (i.e., ψi s) are arbitrary
priors for θi (e.g., uniform distributions over bounded sets θi s
t
take values from) and the edge potentials (i.e., ψij
s) are the
quad-term separable likelihoods for the pairs pi, jqs based on
sensor histories up to time t.
This model is illustrated in Fig. 1 and facilitates the esti-

Fig. 1. A multi-sensor state space - or, hidden Markov- model (black dashed
box on the right representing a chain over t) parameterised with a Markov
Random field (the blue edges on the left).

In BP iterations, nodes simultaneously send messages to
their neighbours using (25) (often starting with constants as the
previously received messages) and update their local “belief”
using (26). If G contains no cycles (i.e., G is a tree), p̃i s
are guaranteed to converge to the marginals of (23), in a
finite number of steps [24]. For the case in which G contains
cycles iterations of (25) and (26) are known as loopy BP
(LBP). For the case, convergence is not guaranteed, in general,
nevertheless LBP has been been very successful in computing
approximate marginals in a distributed fashion, in fusion, selflocalisation and tracking problems in sensor networks [20],
[21], [30]. In our problem setting, we assume that the models
over spanning trees of a loopy G are consistent in that they lead
to “similar” marginal parameter distributions, which suggests
the existence of LBP fixed points [31] that will be converged
when initial beliefs are selected reasonably [32].
The resulting conceptual algorithm is given in Algorithm 1.
Let us consider the pairwise MRF model in (23) equipped with
quad-term node-wise separable likelihoods. First, the sensor
histories are filtered individually and the filtered posteriors
as a function of the (continuous) state variable as well as
the unknown parameter is obtained. Simultaneously, the skj
terms of the node-wise separable likelihood are computed.
k
k
Next, rij
and rji
are found for neighbouring nodes i and j,
using the measurements and the filtered posteriors previously
found. This stage results with the edge potentials of the MRF
model. Then, starting from initial marginal distributions, S
step of (loopy) BP is used to iteratively improve the posterior
marginal distributions, the expected value of which provides
us with the estimates of the latent parameters.
A. A Monte Carlo LBP algorithm for sensor registration in
fusion networks
The conceptual steps in Algorithm 1 treat the functions
involved as entities that are found and stored over the entire
continuous domain from which their arguments take values
from. In this section, we introduce particle based representations and Monte Carlo computations [33] for the realisation
of these steps in registration problems.
In this setting, the local parameters signify respective quantities such as sensor locations and orientations, and appear
only in the measurement model given in (2), i.e., the state
transition model in (1) is not conditioned on θ. Moreover,
these parameters specify a coordinate transform among local
frames of the sensors. Let xk be a point in the reference
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rxk sj “ τ pxk ; θj q,
rxk si “ τ pτ

´1

(28)

As an example, when the state space consists of locations
on a plane and θj is the position of sensor j, this transform
is given by
τ pxk ; θj q “ xk ´ θj ,
τ pτ

´1

prxk sj ; θj q; θi q “ rxk sj ` θj ´ θi .

Let us consider the local filtering stage. Because the sensor measurements are collected in local coordinate frames,
filtering of them results with posteriors in the local coordinate
frames. For the case, s̃kj does not vary with θj , and, is a density
over local measurements which evaluate to the scale factor (or,
evidence) in the denominator of the update stage in Bayesian
filtering at the current measurement, i.e.,
ż
j
s̃kj “ ppzkj |rxk sj qpprxk sj |z1:k´1
qdrxk sj .
(29)
k
pθi , θj q terms can be found from the filtered posteriors
The r̃ij
using the transformation in (27) for a given pair of values for
the parameters, i.e., (16),(17) specialises to
k
r̃ij
pθi , θj q “
ż
`
˘
j
p zki |τ pτ ´1 prxk sj ; θj q; θi q pprxk sj |z1:k
qdrxk sj . (30)

As a result, local filtering of sensor histories can be performed regardless of the sample generation process for the
LBP steps, in this problem setting.
Suppose that we are able evaluate (30),the scale factor (20)
and, consequently, the node-wise separable likelihood (21) for
any given values of the parameters. Now, let us adopt the sampling approach detailed in [18, Sec.VI] for carrying out LBP
belief update and messaging in (26) and (25), respectively.
Given L equally weighted samples from p̃i pθi q, i.e.,
plq

θi „ p̃i pθi q, for l “ 1, . . . , L,

(31)

for l “ 1, . . . , L.

i1 Pnepjq{i

These samples are used with kernel approximations in order
to represent the message from node j to i (scaled to one), in
the NBP approach [25]. We use Gaussian kernels leading to
the approximation given by
m̂ji pθi q “

L
ÿ

l“1

plq

plq

ωji N pθi ; θji , Λji q,

(34)

pl1 q

pl1 q

t pθ
ψi,j
i , θj q

,

where the kernel weights are the normalised edge potentials.
Λji is related to a bandwidth parameter that can be found using
Kernel Density Estimation (KDE) techniques. In particular, we
use the rule-of-thumb method in [34] and find
˙2{pd`4q
ˆ
4
Ĉji ,
Λji “
p2d ` 1qL
ÿ ÿ pl1 q plq pl1 q
plq
Ĉji “
ωji ωji pθji ´ m̂ji qpθji ´ m̂ji qT ,
m̂ji “

l1 l
L
ÿ

plq plq

ωji θji

l“1

where m̂ji and Ĉji are the empirical mean and covariance of
the samples, respectively, and d is the dimensionality of θji s.
Given these messages, let us consider sampling from the
updated marginal in (26). We use the weighted bootstrap (also
known as sampling/importance resampling) [35] with samples
generated from the (scaled) product of Gaussian densities
with mean and covariance found as the empirical mean and
covariance of the particle sets, respectively. In other words,
given m̂ji and Ĉji as above, we generate
plq

θi „ f pθi q,

l “ 1, ¨ ¨ ¨ , L,
ź
f pθi q 9 N pθi ; m̂i , Ĉi q
N pθi ; m̂ji , Ĉji q.
jPnepiq

The particle weights for these samples to represent the
updated marginal is given by
plq

plq

ωi “ ω̂i {

L
ÿ

pl1 q

ω̂i

1

plq
ω̂i

l “1
¯
´
ź
plq
plq
plq
“ p0,i pθi q
m̂ji pθi q {f pθi q
jPnepiq

where p0,i is the prior density selected for θi (and, the node
potential in (23)). Thus, the local calibration marginal is
estimated by
P̂i pdθi q “

(32)

Consider the BP message from node j to i in (25). Suppose
that independent identically distributed (i.i.d.) samples from
the (scaled) product of the jth local belief and the incoming
messages from all neighbours except i are given, i.e.,
ź
plq
θ̄j „ p̃j pθj q
mi1 j pθj q for l “ 1, ..., L.
(33)

t
ψi,j
pθi , θj q

l1 “1

the edge potetials are evaluated to obtain
plq plq
t
ψij
pθi , θj q

plq

plq

plq

ωji “ řL

(27)

prxk sj ; θj q; θi q,

plq

plq

plq

plq

θji “ τ pτ ´1 pθ̄j ; θj q; θi q,

coordinate frame and rxk sj denote the corresponding point
in the coordinate frame of sensor j. Then, rxk sj and rxk si are
given in terms of a coordinate transform τ respectively as

L
ÿ

plq

ωi δθplq pdθi q.

l“1

(35)

i

plq

plq

As the final step of the bootstrap, tθi , ωi uM
l“1 is resampled (with replacement) leading to equally weighted particles
plq
from p̃i pθi q, i.e., tθi uL
l“1 . We follow similar bootstrap steps
in order to generate the samples in (33).
After nodes iterate the BP computations described above
for S times, each node estimates its location by finding the
plq
empirical mean of tθi uL
l“1 . These steps are summarised in
Algorithm 2.
V. J OINT

MODEL SELECTION AND PARAMETER

ESTIMATION FOR MULTIPLE

M ARKOV

CHAINS

The complexity of joint multi-sensor Bayesian recursions
(or, centralised filtering) can be severly restrictive when the
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Algorithm 2 Pseudo-code for estimation of θ using separable
likelihoods within Belief Propagation.
1: for all j P V do
2:

for k “ 1, . . . , t do

3:

j
Find ppxk |z1:k
q

4:

Find s̃kj in (29).

5:

Ź Local filtering

end for

6: end for
7: for all j P V do
8:

plq
θi

Sample

Ź Sample from priors

„ p0,i pθi q for l “ 1, . . . , L

9: end for

12:

for all pi, jq P E do
Find

14:

Find

15:

Find

16:

Find

17:
19:

for all pi, jq P E do
end for

22:

for all i P V do

23:
24:
25:

where is a permutation of p1, . . . , M q at time k such that its
mth element τki pmq is the index of sensor i’s measurement that
is induced by target m. Let us denote the association history
i
of this target by τ1:k´1
pmq and the measurements it selects
i,m
i
. The prediction density in
from the history z̄1:k´1 by z1:k´1
(36) is given by
j
j,m
i
m i,m
ppxm
k |z̄1:k´1 , z̄1:k´1 , θq “ ppxk |z1:k´1 , z1:k´1 , θq

Ź Find LBP message

Find the kernel representation m̂ji pθi q in (34)

21:

(36)

τki

end for
end for

j
m
i
ˆ ppxm
k |z̄1:k´1 , z̄1:k´1 , θqdxk

Ź Evaluate edge potentials

k pθ plq , θ plq q in (30) for k “ 1, . . . t
r̃ij
i
j
k pθ plq , θ plq q for k “ 1, . . . t
r̃ji
i
j
plq plq
κij
pθ
,
θ
i
j q in (20) for k “ 1, . . . t
k
t pθ plq , θ plq q in (24) using (21)
ψi,j
i
j

18:
20:

Ź S-steps of LBP

for l “ 1, . . . , L do

13:

Let us denote the concatenation of such measurements at
sensors i collected at time k by z̄ki . This term is given by
z̄ki fi rzki,1 , . . . , zki,M s.
We also assume that all targets that exists at k “ 1 continue
to exist up until k “ t and no new targets appear in this
period of time. After substituting x̄k , z̄ki and z̄kj in (4), the
instantenous update term is obtained as
´
¯
j
i
p z̄ki , z̄kj |z̄1:k´1
, z̄1:k´1
,θ “
˙
M ż ˆ
ź
j,τkj pmq m
i,τki pmq m
gi pzk
|xk , θqgj pzk
|xk , θq
m“1

10: for s “ 1, ..., S do
11:

7

Ź Update local marginals
plq

Find the updated P̂i in (35) and sample θi
plq
1 řL
θ̂i Ð L
l“1 θi

„ p̃i pθi q

end for

26: end for

parameter space of concern is, for example, the (Cartesian)
product of an Euclidean space and a discrete space that grows
combinatorially with the problem size. Such problems can
arise, for examples, when there are unknown model parameters
along with the latent parameters.
In fusion networks, a typical problem in this setting is inference in the case of multiple Markov chains possibly modelling
multiple objects. The difficulty stems form the measurementobject association uncertainties in this case [36]. These associations can be parameterised in terms of model selection
parameters which have a combinatorially increasing number of
possible configurations [13]. The exact solution requires the
likelihood for any given selection of calibration parameters and
association configurations to be evaluated using joint filtering.
In this section, we show how the use of separable likelihood
approximation leads to a decomposition of the network wide
association problem into local problems, removing the need
for centralised filtering in likelihood evaluations.
In order to elaborate on this point, let us consider the update
term in (4) for M targets constituting a concatenated metastate variable x̄k fi rx1k , . . . , xM
k s. For the sake of simplicity,
we assume that each object induces only one measurement and
does so with probability one (i.e., the probability of detection
is one) and there are no false alarms (or, non-target detections).

(37)

where the right hand side is simply (6) with relavant terms
substituted.
It is worth noting that all the terms on the right hand sides
j
i
of (36) and (37) are parameterised by τ1:k
and τ1:k
. In other
words, the product of (36) over k “ 1, . . . , t is the likelihood
j
i
for the joint parameter defined by β fi rpτ1:t
, τ1:t
q, θs for
which the results in Section III hold.
One possible way to proceed with estimating θ is to use its
marginal likelihood in which the discrete (model parameter)
terms are marginalised (using a non-informative prior1 ), i.e.,
ÿ
j
j
i
i
i
i
i
i
lpz̄1:t
, z̄1:t
|θq “
lpz̄1:t
, z̄1:t
|β “ rτ1:t
, τ1:t
, θsqppτ1:t
, τ1:t
q
i ,τ j q
pτ1:t
1:t

(38)
within an estimation scheme.
There are two main challenges, however. The first is that the
number of possible configurations that can be selected jointly
for pτki , τkj qs is pM !q2 [13] and this quantity to the power of k
gives the number of elements in the summation in (38). Therefore, the number of likelihood evaluations for marginalisation
renders this operation infeasible. The second is that, when
estimating θ with this likelihood, this marginalisation has to be
performed separately for each value of θ hypothesised within
the estimation scheme, adding to the computational complexity
of its use.
A reasonable approximation to this marginal likelihood is to
use the joint likelihood with the substitution of an estimate of
the discrete variables. This approach is similar to the empirical
Bayes approach [37] and amounts to using
j
i
i
i
i
i
, z̄1:t
|θq
lpz̄1:t
, z̄1:t
|rτ̂1:t
, τ̂1:t
, θsq « lpz̄1:t

with the maximum a posterirori (MAP) (and, equivalently, the
1 Because the permutations constituting pτ i , τ j q are a priori equally
1:t 1:t
likely, a uniform prior assigning equal probability to every possible configuration is non-informative, in this setting [13].
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Fig. 2. Example scenario: Sensors (S1-S9) collect measurements from an
object (T1) with initial position denoted by the black square. The blue lines
depict the MRF model for the estimation task.

ML) estimate of the discrete model parameters given by
j
j
i
i
i
i
pτ̂1:t
, τ̂1:t
q “ arg maxj ppτ1:t
, τ1:t
|z̄1:t
, z̄1:t
, θq
i ,τ
τ1:t
1:t

j
i
i
i
” arg maxj log lpz̄1:t
, z̄1:t
|τ1:t
, τ1:t
, θq (39)
i ,τ
τ1:t
1:t

The optimisation problem above can be treated as a multidimensional assignment [36], and, has combinatorial complexity, in general. One approximate solution approach is to
use relaxations of (39) over time, which lead to coupled
2 dimensional assignment problems each of which can be
solved using efficient algorithms such as the Auction algorithm [38]. This approach is also equivalent to 1-scan multiple
hypothesis tracking (MHT) algorithm with the aforementioned
assumptions. The computational load, however, is dominated
by filtering which takes place during the computation of the
assignment costs [36]. The fact that there are two sensor
histories for joint filtering means that the sizes of these
matrices are OpM 3 q and are found for every selected value
of θ and for k “ 1, . . . , k.
When the proposed separable likelihoods are used, on the
other hand, a relaxation of (39) is implied in which we solve
j
i
and τ1:k
separately, using only local sensor histories
for τ1:k
j
i
z1:k and z1:k , respectively. The 2 dimensional assignment
relaxations of these local problems lead to cost matrices of
size OpM 2 q for k “ 1, . . . , k. Finally, because the model
variables now signify a local labelling of the chains, their
correspondance needs to found which amounts to finding
the ML setting of pτ1i , τ1j q. This can be viewed as track
assignment [36] the size of which remains OpM 2 q, as well.
VI. E XAMPLE : S ELF - LOCALISATION IN L INEAR
G AUSSIAN S TATE SPACE MODELS
In this example, we consider a state space model which is
linear with additive Gaussian uncertainties given (unknown)
sensor locations θi s, i.e.,
πpxk |xk´1 q “ N pxk ; Fxk´1 , Qq
gi pzki |xk ; θi q

“

N pzki ; Hi pxk

´ θi q, Ri q

(40)
(41)
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where I and 0 are the 2 ˆ 2 identity and zero matrices,
respectively.
The measurement model is parameterised by the observation
matrix Hi and the observation noise covariance Ri , both
associated with sensor i. For the sake of simplicity we use
Hi “ I and Ri “ σ 2 I with σ “ 10.
We consider the scenario depicted in Fig. 2. Nine sensors
observe five moving objects. We select F and Q for each
object to model near constant velocity motion with random
acceleration and H and R to model noisy position measurements from the object. Location of sensor 1 is selected as the
origin and the respective locations of the remaining sensors
are to be estimated.
We specify the steps of Algorithm 2 for this example. In
j
the local filtering stage, the association problem to find τ1:k
s
are solved using the Auction algorithm [38] as explained in
Section V. Filtering for finding the association costs is carried
out using Kalman filtering (KF) recursions –owing to the
conditionally linear/Gaussian nature of the model. Specifically,
for each sensor j and object m P τ1j , we use a KF with the
j,m
history z1:k
which yields the following Gaussian prediction
and posterior distributions at time k:
pmq

j,pmq

pmq

j,pmq

j,pmq

pmq

j
ppxk |z1:k´1 ; θi,j q “ N pxk ; x̂j,m
k|k´1 ` θj , Pk|k´1 q,
pmq

ppxk |zk

, z1:k´1 ; θi,j q “ N pxk ; x̂jk|k ` θj , Pjk|k q.

The update term in (29) is a product of update terms for M
objects, i.e.,
j
ppz̄kj |z̄1:k´1
q“

M
ź

j,τ̂jk pmq

ppzk

j,m
|z1:k´1
q

m“1
j,τ̂ k pmq j,m
ppzk j
|z1:k´1 q

j,τ̂jk pmq

“ N pzk

;Hi px̂j,m
k|k´1 ` θj ´θi q,Sk|k´1 q

T
Sk|k´1 “ Ri ` Hi Pj,m
k|k´1 Hi

Node 1 is selected as the origin of the network coordinate
system. For the other nodes, the localisation prior, i.e., p0,i pθi q,
is selected to be a uniform distribution over the sensing region
and the initial set of samples (31) are selected as random
permutations of an L “ 100 point uniform grid over the
sensing region. We consider the pairwise graph G in Fig. 2
depicted with blue edges.
For the evaluation of the proposed likelihoods in Algorithm 2, we first use the posterior target densities generated
in the local filtering phase to find the label association, i.e.,
pτ̂1j , τ̂1i q, again using the Auction algorithm for 2 the corresponding two dimensional assignment problem. The update
term in (30) is similarly a product of terms for different objects
given by

M
ź
i,τ̂ i pmq j,m
where N p.; m, P q is a multi-dimensional Gaussian density ppz̄ i |z̄ j , z̄ j
ppzk k |z1:k
, θi,j q
,
θ
q
“
k
1:k´1 i,j
with mean vector m and covariance matrix P. The linear transm“1
formation F specifies the state transition dynamics whereas Q
i,τ̂ i pmq j,m
i,τ̂ i pmq
ppzk k |z1:k´1
, θi,j q “ N pzk k ; Hi px̂j,m
k|k ` θj ´ θi q, Sk q
is the process noise covariance matrix, i.e.,
j,m T
Sk “ Ri ` Hi Pk|k Hi
πpxn |xn´1 q “ N pxn ; F xn´1 , Qq
ﬀ
«
ﬀ
«
1
After multiplying the update terms, the scaling factor
1
I, I
4 I,
2I
F “
, Q “ 0.25 1
κij
k pθi,j q in (20) can be found in closed form using integration
0, I
I
2 I,
rules of quadratic exponentials.
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Fig. 3. Maximum localisation error in the network versus the iteration number
of the proposed algorithm for 100 Monte Carlo runs. The boxes are centred
at the median (red) with edges (blue) at the 25th and 75th percentiles.
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are taken into account. We show that the approximation quality
improves as the local filtering accuracy gets better.
We use the proposed likelihood to build a pairwise Markov
random field and exploit message passing algorithms for
inference over this graphical structure. Doing that, we achieve
an efficient computational structure for parameter estimation
in state space models. We provide a conceptual description of
the resulting algorithmic framework, as well as details of an
implementation based on Monte Carlo methods for estimating
calibration parameters in a fusion network. We demonstrate
our approach in a sensor network self-localisation example.
A PPENDIX

We perform these computations for t “ 20 time steps
and evaluate the quad-term separable edge potential, i.e.,
plq plq
t
ψi,j
pθi , θj q, in (24) using (21). We use S “ 40 iterations
of the Monte Carlo realisation of the LBP algorithm detailed
in Section IV-A.
First, we consider the accuracy of estimation in terms of the
maximum localisation error in the network averaged over 100
Monte Carlo simulations. In Fig. 3, we present the box-plot of
these errors for all runs with respect to the time window index
n. The average error at the final iteration n “ 40 is 15.8349m
which is well within 3σ “ 30m bound of sensor measurement
uncertainties.
In Fig. 4, we provide semi-log plot of the error margins over
iterations after normalisation with 1000m. Note that the decay
speed is close to a log-linear regime and reaches a minimum
corresponding to less than 2% of the normalising distance.
These results demonstrate that the proposed scheme is capable
of providing self-localisation with good accuracy and small
error margins.

Proof. Let us expand the KLD term in (14) by substituting its
arguments given in (4), (12) and (13):
´
¯
j
j
i
i
D ppzki , zkj |z1:k´1
, z1:k´1
, θq||qpzki , zkj |z1:k´1
, z1:k´1
, θq
ż
j
j
i
i
“ dzki dzkj dz1:k´1
dz1:k´1
dθ ppzki , zkj , z1:k´1
, z1:k´1
, θq
ˆ log
“

In this work, we propose a node-wise separable likelihood
for parameter estimation problems in state space models with
multiple measurement sources. The separable structure enables
us to evaluate this likelihood using local filtering operations
thereby scaling with the number of sensors whereas the actual
likelihood requires joint multi-sensor filtering which often has
a prohibitive cost. Therefore, we use the proposed likelihood as
an efficient approximation and relate the approximation quality
to the reduction of uncertainty in predicting and estimating the
underlying state when individual and pairs of sensor histories
10 1

10 0

ż

In the equations above, κk pθq is a normalisation constant given
by (13). Eq.(42) is obtained after multiplying both the numerator and the denominator of the quotient inside the logarithm
j
j
i
i
by ppz1:k´1
|z1:k´1
, θqppz1:k´1
|z1:k´1
, θq and a rearrangement
of the terms. The definition of MI [23] results with the first
two terms in Eq.(43). The last term is the expectation of the
normalisation constant over the joint distribution of the sensor
j
i
histories Z1:k´1
and Z1:k´1
, and, Θ .
Let us now consider the normalisation constant:
ż
¯1{2
´
j
i
q
qppzki , zkj |z1:k´1
κk pθq “ dzki dzkj ppzki , zkj |z1:k´1
ˆż
˙1{2
j
j j
i
i
ď
dzk dzk ppzk , zk |z1:k´1 q

“ 1.
5
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Fig. 4. Log-normalised error margin versus the iteration number n.

40

j
i
ppzki , zkj , z1:k´1
|z1:k´1
, θq

1´
j
i
IpZkj , Zki ; Z1:k´1
|Z1:k´1
, Θq
2
¯
j
i
`IpZkj , Zki ; Z1:k´1
|Z1:k´1
, Θq ` Etlog κk pθqu.(43)

ˆ

0

j
i
qpzki , zkj |z1:k´1
, z1:k´1
, θq

j
i
i
ppzki , zkj |z1:k´1
, θqppz1:k´1
|z1:k´1
, θq
¯
`2 log κk pθq
(42)

10 -1

10 -2

j
i
ppzki , zkj |z1:k´1
, z1:k´1
, θq

j
j
i
i
dzki dzkj dz1:k´1
dz1:k´1
dθ ppzki , zkj , z1:k´1
, z1:k´1
, θq
˜
j
i
ppzki , zkj , z1:k´1
|z1:k´1
, θq
1
ˆ
log
j
j
j
i
2
ppzki , zk |z1:k´1 , θqppz1:k´1
|z1:k´1
, θq

` log

“

VII. C ONCLUSIONS

log normalised error margin

A. Proof of Proposition 3.1

ˆż

˙1{2
i
dzki dzkj ppzki , zkj |z1:k´1
q

(44)

The inequality (44) follows from Hölder’s Inequality. Consequently, the last term in (43) is non-positive, and, (14) is
obtained.
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B. Proof of Corollary 3.2
Proof. We apply the chain rule of information to the MI terms
on the RHS of (14) leading to
j
i
IpZki , Zkj ; Z1:k´1
|Z1:k´1
, Θq “
j
j
i
i
IpZkj ; Z1:k´1
|Z1:k´1
, Θq ` IpZki ; Z1:k´1
|Zkj , Z1:k´1
, Θq
(45)

and,
j
i
, Θq “
IpZki , Zkj ; Z1:k´1
|Z1:k´1
j
j
i
i
|Z1:k´1
, Θq ` IpZkj ; Z1:k´1
|Zki , Z1:k´1
, Θq.
IpZki ; Z1:k´1
(46)

The MI terms on the RHSs of the equations above are for
random variables which form Markov chains with the current
the state variable Xk . Consider the (conditional) chains Zkj Ø
j
j
i
i
Xk Ø Z1:k´1
|Z1:k´1
, Θ and Zki Ø Xk Ø Z1:k´1
|Z1:k´1
,Θ
for the RHS of Eq.(45). The Data Processing Inequality [23]
applied to these terms lead to
j
i
IpZki , Zkj ; Z1:k´1
|Z1:k´1
, Θq
j
j
i
i
ď IpXk ; Z1:k´1
|Z1:k´1
, Θq ` IpXki ; Z1:k´1
|Zkj , Z1:k´1
, Θq
j
j
i
“ HpXk |Z1:k´1
, Θq ´ HpXk |Z1:k´1
, Z1:k´1
, Θq
j
j
i
`HpXk |Zkj , Z1:k´1
, Θq ´ HpXk |Zkj , Z1:k´1
, Z1:k´1
, Θq

(47)
A similar break down of Eq.(46) results with
j
i
IpZki , Zkj ; Z1:k´1
|Z1:k´1
, Θq
j
i
i
ď HpXk |Z1:k´1
, Θq ´ HpXk |Z1:k´1
, Z1:k´1
, Θq
j
i
i
`HpXk |Zki , Z1:k´1
, Θq ´ HpXk |Zki , Z1:k´1
, Z1:k´1
, Θq.

(48)
Substituting from (47) and (48) into (14) results with (15). 
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